In this paper, the initial value problems of singular fractional differential equations are discussed. New criteria on the existence and uniqueness of solutions are obtained. The well-known Picard iterative technique is then extended for fractional differential equations which provides computable sequences that converge uniformly to the solution of the problems discussed. We obtain not only the existence and uniqueness of solutions for the problems, but we also establish iterative schemes for uniformly approximating the solutions. Two examples are given to illustrate the main theorems.
Introduction
Fractional differential equations have been proved to be new and valuable tools in the modeling of many phenomena in various fields of engineering, physics, and economics. We can find numerous applications in viscoelasticity, electrochemistry, control, and electromagnetism. There has been a significant development in fractional differential equations; see the text books [, ] and the references therein.
Consider the initial value problems (IVP) for the fractional differential equation 
Then, for α ∈ (, ), there exists a unique solution of the IVP () on the interval
One finds that the existence and uniqueness of solution of () were proved, but the iterative scheme for uniformly approximating the solutions of () was not given in [-]. Indeed, often it is very hard to solve fractional differential equations, so we do need a numerical process that can approximate the solution.
Motivated by this reason, in this paper, by using some different methods and new techniques, we obtain criteria on existence and uniqueness of solutions for the following IVPs:
where α ∈ (, ], x  ∈ R is a initial value, the fractional derivative c D
is in the sense of Riemann-Liouville's definition, the function f satisfies assumption given in Section  and may be singular at t = t  .
A function x is said to be a solution of IVP () if there exists h >  such that x ∈ C  [t  ,
, and the condition
Our results improve/extend Theorems A, B, C, D and E by generalizing the restrictive condition imposed on f . Without the assumption of the existence of lower and upper solution and the monotonic properties of f (t, x), we obtain not only the existence and uniqueness of solutions for the problems, but also we establish iterative schemes for uniformly approximating the solutions.
The remainder of the paper is organized as follows: the main results are given in Section , examples are given in Section  and a conclusion is given in Section .
Main results
In this section, we prove our main results. Let the beta and gamma functions be defined, respectively, by
provided that the right-hand side exists.
where n - < α ≤ n, provided that the right-hand side is point-wise defined on (, ∞).
Definition . ([])
The Caputo fractional derivative of order α >  of a continuous function f : (, ∞) → R is given by
where n - < α ≤ n, provided that the right-hand side is point-wise defined on (, ∞). http://www.advancesindifferenceequations.com/content/2014/1/102
The following assumptions will be used in the main results:
The first result is as follows:
/(+k) }. The second result is as follows.
Theorem . Suppose that (A) holds and there exist k > - and L
>  such that |f (t, (t -t  ) α- x  ) -f (t, (t -t  ) α- x  )| ≤ L(t -t  ) k |x  -x  | for all t ∈ (t  , t  + h  ] and x  , x  ∈ B  . Then IVP () has a unique solution φ defined on (t  , t  +h  ] and φ(t) = (t -t  ) α- lim n→∞ (t - t  ) -α φ n (t) with φ  (t) = x  (t -t  ) α- , t ∈ (t  , t  + h  ], φ n (t) = x  (t -t  ) α- + t t  (t -s) α- (α) f s, φ n- (s) ds, t ∈ (t  , t  + h  ], n = , , . . . . Lemma . Suppose that (A) holds. Then x : [t  , t  + h  ] → R
is a solution of IVP () if and only if x : [t  , t  + h  ] → R is a solution of the following integral equation:
It is easy to see that
is a solution of (). On the other hand, it is easy to see
The proof is completed.
Choose a Picard function sequence as
So the result is correct when n + . Then by the mathematical induction method, the result holds for all n.
Lemma . Suppose that x > . Then (x) = lim m→+∞ m x m! x(x+)(x+)···(x+m)
.
Proof
The proof can be found in [] and is omitted. http://www.advancesindifferenceequations.com/content/2014/1/102
Lemma . Suppose that (A) holds and there exists L
Proof Consider
We have by the proof of Lemma .
Now, we have by Lemma .
We have
B(α, iα + (i + )k + ) (α) .
So the result is correct when n + . Then by the mathematical induction method, we get
By Lemma ., we get One sees that
is bounded for all m, n. Then lim n→∞ u n+ u n = . Then ∞ n= u n is convergent. Hence
is uniformly convergent. Then {φ n (t)} is convergent uniformly on [t  , t  + h  ]. The proof is complete.
Lemma . Suppose that (A) holds and there exists L
Proof By φ(t) = lim n→∞ φ n (t) and Lemma ., we see
It follows that
Hence
Then φ is a unique continuous solution of () defined on [t  ,
We need to prove that
Furthermore, we have
Now suppose that
From Lemma . and the proof of Lemma ., we have 
Then we have
By a similar method to the one used in the proof of Lemma ., we get
is uniformly convergent. Then {(t -t  ) -α φ n (t)} is convergent uniformly on [t  , t  + h  ].
The proof is complete. 
Examples
In this section, we present two examples to illustrate the main theorems proved in Section . 
